The eigenvalues of the Laplacians A and D on the Hopf manifolds are described. Some isospectral results are also given.
= d8 + 8d and the complex Laplacian D = 3b + bd. We have A = 2 □ = 2 D if M is Kahler.
In this note, we study the eigenvalues of the Laplacians A and D on the Hopf manifolds Ma, 0 < |a| < 1, which are not Kahler. The notation Sp (M,A) will be used to denote the eigenvalues with multiplicity (spectrum) of the operator A on the manifold M. In Theorem 1, the eigenvalues of A and □ are described. The computation of the eigenfunctions shows that the eigenspaces of D refine those of A. Some isospectral results are also given. For a in a certain domain, Sp (Ma, A) determines Ma up to isometry (Theorem 2). Moreover, it is shown that for "most" values of a, Ma may be determined up to isometry from either Sp (Ma, A) or Sp (Ma, D ) (Theorem 3).
Let W denote the Ai-dimensional complex vector space C" = {z\z = (¿i,... ,zn)} minus the origin; W = C" -{0), and let a be a complex number with 0 < |a| < 1. Consider the analytic automorphism ga of W defined by gaizx,. ..,zn) = (az,,..
.,azn). The group Ga generated by ga is an infinite cyclic group acting on W freely and properly discontinuously. Thus the quotient Ma = W/Ga is an Ai-dimensional complex manifold, which is called a (homogeneous) Hopf manifold. It is easy to see that Ma is diffeomorphic toi1 XS2""1, where Sr denotes the standard r-sphere (cf. the proof of Lemma 3). If n = 1, Ma is the complex torus whose lattice is generated by 1 and (277/)~ log a, and if ai > 1, Ma is a non-Kähler manifold. The hermitian metric Let to be a complex number such that e2ma = a. Since |a| < 1, we have Im« > 0.
Definition. For nonnegative integers p and q, let 1^, be the set of complex numbers y which can be expressed as y = -y] + y2 with Re yx = p, Re y2 = -q, and Re((y, + y2)w) G Z.
Remarks. 1°. yx + y2 1S in tne lattice dual to the one generated by 1 and w (cf. [1, p. 146 
]).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 2°. Let a = Re to and b = Im to. Then In view of (4), this is equivalent to y G Tpq. Q.E.D. Now let us discuss the isospectral problem. Let o + bi = to = (2tti )~ log a as before. Since a -(2tt)~ arg a, we may assume that \a\ < \. Note that if |a| = j, then a is real and Ma is isometric to S1 X S2"~l. Proof. We show that Sp (Ma, D) determines |a| and 6. The same argument with only small modifications will apply to Sp (Ma,A). Let a' be a complex number with a' + ib' = (27r/)_1log a1, -| < a' < \. We shall assume that Sp(A/a, D) = Sp(A/a ■, D) and show that |a| = |a'| and 6 = 6'. Since the volume of Ma determines 6, and the volume of Ma is determined by the asymptotic behavior of the spectrum (see, for instance, Gilkey [4] ), it follows that 6 = 6'. Let Conversely, for ip',q',k') there exists {p,q,k). Multiplying (5) by b2 and comparing the coefficients of 1 and a2, we obtain (6) k2 = Up' -q')rx -k')2,
Since (7) must always have integer solutions, r2 = ±1. From equation (6) License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
